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The acoustic impedances of matching layers, their internal loss and vibration amplitude are the most
important and influential parameters in the performance of high power airborne ultrasonic transducers.
In this paper, the optimum acoustic impedances of the transducer matching layers were determined by
using a genetic algorithm, the powerful tool for optimizating domain. The analytical results showed that
the vibration amplitude increases significantly for low acoustic impedance matching layers. This
enhancement is maximum and approximately 200 times higher for the last matching layer where it
has the same interface with the air than the vibration amplitude of the source, lead zirconate titanate-
pizo electric while transferring the 1 kW is desirable. This large amplitude increases both mechanical fail-
ure and temperature of the matching layers due to the internal loss of the matching layers. It has analyt-
ically shown that the temperature in last matching layer with having the maximum vibration amplitude
is high enough to melt or burn the matching layers. To verify suggested approach, the effect of the ampli-
tude of vibration on the induced temperature has been investigated experimentally. The experimental
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results displayed good agreement with the theoretical predictions.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Ultrasonic transducers are widely used in numerous applica-
tions, including machining, forming, medical and non-destructive
testing applications. The utility of this technology may have
been widespread if the sound waves could transfer through the
air with the appropriate performance. However, certain limita-
tions exist in the choice of intermediate layers for impedance
matching between the ultrasonic piezo-ceramic transducers and
the medium through which the ultrasonic energy must be
transmitted.

Depending on the loading medium, quarter-wave matching lay-
ers are usually proposed [1]. However, certain researchers have be-
come interested in matching the impedance of the ultrasonic
transducer with gas medium [2-8]. Theoretically, it is possible to
use one-, two- or multi-layer transducer construction. Other
researchers have focused on the theoretical or experimental design
of narrow or broadband airborne ultrasonic transducers using one
or two matching layers [9-11]. Additional studies have concen-
trated on the fabrication of new materials with both low acoustic

* This is an open-access article distributed under the terms of the Creative
Commons Attribution-NonCommercial-No Derivative Works License, which per-
mits non-commercial use, distribution, and reproduction in any medium, provided
the original author and source are credited.

* Corresponding author.

E-mail address: saber.saffar@gmail.com (S. Saffar).

0041-624X/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.ultras.2013.04.008

impedance and attenuation values [12-15]. Another subset of
researchers has attempted to increase the rate of energy transmis-
sion through the air and to develop low acoustic impedance mate-
rials with a low attenuation coefficient [16].

Moreover, other researchers have shown interest in the applica-
tion of airborne ultrasonic transducers in industry and have aimed
to reduce the existing difficulties in the use of these devices [17-
23]. They use thin membranes in the design to solve the problem.
However, the modified products are less robust and more easily
damaged.

There are in general two types of airborne ultrasonic transduc-
ers; low power and high power transducers. Literature shows that
massive studies have been done on low power airborne ultrasonic
transducers for nondestructive testing applications, while little ef-
fort has been conducted to investigate the airborne ultrasonic
transducer with high power.

In general, last matching layers are low acoustic impedance
materials in airborne ultrasonic transducers. Furthermore, these
materials show high attenuation generally, and especially high
amplitude of vibration in high power airborne ultrasonic transduc-
ers. Therefore, heat generation is one of the significant issues in
high power airborne ultrasonic transducers.

The main contribution of this paper is to investigate the heat
generation in matching layers determined based on a genetic algo-
rithm (GA) for a high power airborne ultrasonic transducer (1 kW).
Therefore, the identification of appropriate matching layers based
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on the GA and heat generation is of interest. In addition, effects of
the amplitude of vibration and internal loss of matching layers on
temperature distribution for different matching layers are investi-
gated. A set of experiments are performed to verify the analytical
approach and results of theoretical investigations and experiments
are compared.

2. Theory
2.1. Sound power transmission to the air

In order to determine the appropriate acoustic impedances for
matching the actuator source (PZT) to the air, it is necessary to cal-
culate the input mechanical impedance for each set of proposed
matching layers. If the input mechanical impedance of the set of
matching layers is close to the acoustic impedance of the PZT, then
this set of matching layers is desirable, otherwise it should be
change to another one. Hence, calculating of the input mechanical
impedance of a layer is determined and then it is derived for multi
layers. The input mechanical impedance for one degree of freedom
system is [24]:

Zm = R + X,
Xm = (wm - kspring/w)

(1)

Fig. 1 illustrates the damped oscillating system at the end of an
excited cylinder layer. If this system is added to the end of the ex-
cited simple layer (see Fig. 1), then the mechanical impedance at
the interface Z,, is calculated from Eq. (1). The general solution of
displacement and the boundary condition are written as [24]:

U(X t) :Aej(wt—k*x) +Bej(cot-#k'x)
k' =k +ky
F(0,t) = —psc** %

ox {x:O

(2)
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where A and B are amplitudes of the incident and reflected waves,
respectively, F is the force and s, p, k* and c* are parameters of
the cross section, density, complex wave number and complex
speed of sound of layer respectively.

By assuming the boundary condition, the solution is rewritten
as:
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Fig. 1. Damped oscillating system at the end of an excited cylinder layer.
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Particle velocity of wave is the time derivative of displacement
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Therefore, the input mechanical impedance of the system is gi-
ven by Ref. [24] as follow:

psc

u(0,1t) 1 +j(Z'" ) tank’L
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If it is Z,, = psc* in Eq. (6) then it iS Zjyo = psc*. It means that
behaviour of the system is completely the same as the force vibra-
tion for an infinitive layer which is excited at one end. Indeed, the
expressed equations can be used for the system shown in Fig. 2.

Now, the multilayers transmission situation is shown in Fig. 3.
The multilayers are excited by an actuator like PZT at left end.

The following assumptions are subsequently considered:

(i) The reflected wave in medium n is assumed to be non-exis-
tent because this layer is assumed to have infinite length.
Then, the nth medium has an infinite length, i.e., [, = oc.

(ii) Although the bounded media may produce multiple reflec-
tions and transmissions in each layer, it is sufficient to
assume that only one wave is present in each propagating
direction; provides that the boundary conditions are satis-
fied. These waves will include all individual components;

(iii) The PZT used to generate the incident wave consumes a part
of mechanical energy and converts it into electrical energy;
this part of mechanical energy will be neglected. This
approximation is correct only if the transducer is of an
open-circuit type. The substantial mismatch in electrical
impedance between the transducer and the amplifier would
indicate that little energy is lost in such a manner;

(iv) It is assumed that the wave attenuation is only due to the
constant loss factor (#), and this value is independent of fre-
quency. Attenuation, and hence heating effects, will increase
with frequency due to mechanisms assumed in Ref. [16].
This assumption is logical because the loss factor is calcu-
lated from the attenuation coefficient of materials at high
frequency (~3 MHz). It is difficult to transmit signals at fre-
quencies higher than this across significant distances in air.
However, the technique should be useful over any frequency
range.

Looking at Fig. 3, a plane-attenuated longitudinal sound wave
propagates from left to right through a series of n cylinder layers
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Fig. 2. Excited cylinder layer connected along an infinity length cylinder layer.
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Fig. 3. Multi cylinder layer system excited at the left end by actuator.

of material with differing specific acoustic impedances. The inci-
dent wave travels through matching layer 1 (z;) and undergoes a
series of reflections and transmissions in the subsequent layers un-
til a transmitted wave emerges into medium n. The acoustic
impedance and the length of the kth layer (1 < k < n) are denoted
as z; and I, respectively. Therefore, the input mechanical imped-
ance and mean power can be written for the ith layer as following
(see Appendix A).

Z: t(i+1) y *
. 7“2; +jtan(k;L;)
Zinti = Z; X

T s b 1 :
jCmen tan kil + 1

(Vi)

The physical meaning of the above equation is that the input
mechanical impedance is a function of the acoustic impedance of
the next matching layers, and their numbers, internal losses and
thicknesses. Therefore, increasing the sound transmission energy
is increased to the air by choosing favourable parameters and an
optimal combination of these parameters.

1
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2.2. Generation and dissipation of heat in multi-matching layers
transducers with high power

There is very low (or even negligible) heat generation in trans-
ducers with low power and high frequency range. While in the air-
borne ultrasonic transducers with high power range (1 kW), the
amount of heat produced is noticeable. The heat is generated dur-
ing the sound energy transmission through the matching layers to
the air and it is calculated for each matching layer based on the
theory described earlier section. In practical, after determining
matching layer(s) with considering attenuation, lost power and
consequently amount of heat generation is calculated layer by

Concentrator horn
Matching layers
Connecting rod m
AR
AN

Heat exchange directions
Piezoelectric ring

Fig. 4. Schematic of a multi-layer high power airborne transducer.

layer. This lost power for each matching layer is used as the heat-
ing source in ABAQUS software. The temperature distribution over
the layers is determined by using ABAQUS. Fig. 4 shows a sche-
matic of multi-matching transducer vibrating in air at room
temperature.

Heat transfer between each two layers is through conduction.
Additionally, heat transfer between the transducer’s components
and the air environment is through convection.

As shown in Fig. 4, heat transfer is from one matching layer to
others and from transducer’s parts to the air. Therefore, two types
of heat transfer, convection and conduction are considered by
assuming steady state (in equilibrium) at a certain frequency.

There is a relationship the conductive heat transfer, the amount
of heat exchange between the contact layers, and the temperature
between two layers.

 KneaAAT

H L

9)
where H is the heat transfer through conduction (J/S), kneqr is heat
conduction, constant transfer SJW , AT is temperature difference
(K) between two points of a layer; and L is the distance between
two points with AT difference.

Another boundary condition is identical for the surface between
matching layer(s) and air is the heat exchange through conduction
and convection process; thus it is concluded:

aT(r,)

7 = hTuir

r=R

_kheat (10)
The relation expressed in Eq. (10) is valid under cylindrical
assumption where T is the layer’s temperature and variable with
radius r, and r is distance of each point from the center, R is the ra-
dius of cylindrical shaped layer, Tg; is air temperature around the
transducer, and h is the conductive coefficient of heat transfer.

2.3. Genetic algorithm (GA) as solution method for the presented
theory

Theoretically, the input mechanical impedance equation cannot
be solved individually for more than one matching layer because
the number of variables (matching layers) is greater than the
number of equations. Therefore, no analytical solution exists for
the calculation of the input mechanical impedance without deter-
mination of the matching layers. Furthermore, the availability of a
theory that is able to find the optimal and practical acoustic imped-
ances will increase the efficiency and the breadth of the applica-
tions of the airborne transducer. Hence, a genetic algorithm is
introduced as a powerful tool to identify the optimal acoustic
impedances. The detail of GA theory to determine the acoustic
impedance is discussed in [25]. The genetic algorithm is applied
in this work to determine the optimum matching layers to obtain
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a very close input mechanical impedance of each matching layers
set to the actuator source (PZT).

A code was written in an mfile in MATLAB software, which is
simple and user friendly. The parameter values of the genetic algo-
rithms used are given in Table 1, and these values were obtained
after iteration.

In this program, a set of acoustic impedances that acts an initial
population is generated randomly according to the number of lay-
ers. The impedance values are between that of the PZT (Z,=33 -
x 107 kg/(m? s)) and air (Z,=427 kg/(m? s)). The fitness in this
work is represented by the input mechanical impedance function;
in other words, the goal is to find the best values of acoustic
impedances for different numbers of matching layers to produce
input mechanical impedance very close to 33 x 107 kg/(m?s)
which is correspond to the PZT. The input mechanical equation is
derived by analytical methods and is used as the fitness function.
For practical research, after passing the fitness function, the values
of these acoustic impedances switch to the acoustic impedance of
the nearest existing material from a large material database. There-
fore, the acoustic impedances are ultimately chosen from the
material database. Next, the input mechanical impedance is calcu-
lated with this set of acoustic impedances, and the result is com-
pared with the stop criterion (input mechanical impedance - PZT
acoustic impedance <1000). If the result is higher than the stop va-
lue, this chromosome is changed via a crossover operation, the cal-
culation of the input mechanical impedance is repeated, and the
result is checked again with the stop value and so on. This iteration
is repeated until the input mechanical impedance becomes smaller
than the stop value. The program was observed to run well for each
number of layers tested experimentally, and the rich material data-
base increases the profitability of this method. In general, the com-
puting system used Latitude E6400, and the total CPU run time was
approximately half of hour for each calculation.

3. Experimental setup and consideration issue

To carry out the experiments, a 1 kW ultrasonic transducer was
designed and manufactured to generate the high ultrasound power
required for conducting experiments. To design a transducer for
plane wave propagation only, it is sufficient to model the energy
source for the PZT and matching layers by adding a backing layer
in the ANSYS software such that the longitudinal resonance fre-
quency can be found by changing the backing, PZT and the match-
ing layer(s) (especially the matching layers which are closer to the
PZT side) thicknesses. This paper is part of a large research project
for the design of a high-power (high-amplitude) airborne ultra-
sonic transmitter transducer. Therefore, 20 kHz was chosen as
the working frequency in our experiments. The designed trans-
ducer consists of PZT, steel backing and aluminum matching
(Fig. 5 and Table 2). These parts are placed and pressed together
using screw fasteners with a torque of 170 N m. The unit must
operate at the resonance condition, and therefore, an electrical
matching unit is used to match the electrical circuit and ensure
that the transducer always remains in the resonance condition.
In this experiment, because of the ability to machine balsa wood
to obtain the calculated thickness (and to achieve a +0.01 mm
tolerance), this material is employed as the last matching layer

Table 1

Values of genetic algorithm parameters.
Number of generations 180
Population size 15
Number of parameters 2
Crossover rate 90%
Mutation rate 10%

Fig. 5. Manufactured transducer according to simulation.

(air interface), and Tapox epoxy is used to couple this layer with
the ultrasonic transducer. The transducer remained free of load
for 36 h after addition of Tapox epoxy at the interface of the match-
ing layer closest to the balsa. Furthermore, three same thermocou-
ples (0.1 °C precision) are used to measure temperature in surface
of the steel backing, aluminum and balsa matching layers. These
thermocouples are installed with a constant normal force to the
surface of each layer.

4. Results and discussion

The vibration amplitude and induced raised temperature for a
number of matching layers are investigated in this study. There
is a database including 297 different materials. The best matching
layers are determined by GA for 1, 2 and 3 matching layers depend-
ing to the loss effect. For all cases, the assumption is that the
matching layer thicknesses are calculated according to the
(2m1)A/4 approach previously used in the literature (1 = c/f,
where /, @ and care wavelength, angular frequency and sound
speed in the matching layer, respectively). Table 3 represents the
specifications of the 1, 2 and 3 matching layers that are introduced
by GA. For instance, polyethersulfone is the best selection from the
employed database for three media or one matching layer (PZT,
polyethersulfone and air). Furthermore, Table 3 shows the input
power in each set of number of matching layers. Although, the po-
tential of PZT is assumed 1 kW (1 pum at 20 kHz is considered as
amplitude of vibration of PZT) in all cases, the capability of each
set to receive and transfer this power is different and strongly de-
pends on the selection of matching layer for receiving this power in
air. However, the input power in all cases is less than nominal
power of PZT due to the much lower density of the load medium
(air) than vibration source (PZT). Indeed, output powers given in
Table 3, are less than input power because of the internal loss in
the matching layers. Hence, the differences between input and out-
put powers show the lost power during the power transmission
from PZT to the air. As shown in Table 3, the vibration amplitude
of last matching layers has increased for all number of matching
layers. This enhancement of the amplitude of vibration for last
matching layer is at least 200 times higher than PZT (1 pm). On
the other hand, the temperature of matter is a direct measure of
the motion of the molecules: The greater the motion is, the higher
the temperature is obtained: motion requires energy: the more en-
ergy matter has the higher temperature. Rising temperature due to



172 S. Saffar, A. Abdullah /Ultrasonics 54 (2014) 168-176

Table 2

Characteristic of design transducer.
Material Role Diameter (mm) Thickness (mm) Quantity

Inner Outer
Lead zirconate titanium (PZT) Vibration source 23 50 6 2
Al 7075-T6 First matching layer 22.6 Smaller Bigger 43 1
51 714

Steel 304 Backing 22.6 51 50.6 1
Brass Connection electrode for 2 PZT 228 51 0.5 3
Tapox epoxy Second matching layer 72 72 0.3 1
Balsa wood Third matching layer 72 72 6.13 1
High strength steel screw Mechanical connecting parts - - 73.15 1

this high amplitude of vibration in high frequency is desirable to
consider. Hence, the calculated lost power in each set of matching
layers in MATLAB code is considered as a heat source in FEM to
determine the temperature distribution in matching layers. Thus,
the temperature distribution of layers is numerically calculated
by ABAQUS software. Diameter of 50 mm is considered for all
matching layers. The analysis of temperature distribution is time
dependent, and it is performed until the time (t) reaches to
t =1000 s. The matching layers are modeled under an axi-symmet-
ric condition. The maximum temperature is represented in Table 3
for 1000 s continues working of transducer. Figs. 6-8 show the
temperature distribution for 1, 2 and 3 matching layers introduced
by GA in Table 3. It is seen that maximum temperature occurs in
last matching layers. In addition, the significant difference is ob-
served between the last matching layer and other matching layers.
Large vibration amplitude, high internal loss and low thermal con-
ductivity of the last matching layer are main reasons for the tem-
perature distribution in the matching layers. Furthermore, as
shown in Table 3, the maximum determined temperatures are
much higher than the allowed working temperature for the last
matching layers. It is notable that all temperature values in Tables
3 and 4 are valid for 1000 s under the condition where transducer
continuously works. In the condition where the transducer vi-
brates continuously, two procedures are implemented. The first
producer is a cooling system and the second producer is used to re-
duce the working power in where the transducer vibrates. Table 4
lists the reliable powers for the transducer introduced in Table 3.
As shown in Table 4, the maximum power of transducers without
the cooling system is limited by the thermal strength restriction of
the last matching layers. Mechanical strength of the last matching

Max=
989

layers is also important issue. Weakness mechanisms may result in
failure the layers due to high amplitude of vibration.
Experimental work has been carried out to verify the approach.
Table 5 represents the theoretical analysis results for the proposed
transducer in powers of 0.2, 0.3 and 1 kW. It is observed in Table 5
that the maximum temperature which is generated in center of the
last matching layer (Balsa wood), is higher than the flash point of
Balsa (200 °C, according to the ASTM D1929) for 0.3 and 1 kW.
Hence, in the first experiment, the 1 kW provided airborne ultra-
sonic transducer is adjusted on 20% of its nominal power
(200 W). The transducer works continuously for approximately,
15 min. Fig. 9 shows temperature in three layers of the transducer.
There are backing, aluminum and balsa matching layers. As shown
in Fig. 9, the temperature increases rapidly to reach to the specific
value after turning on the transducer and gradually increases
during working. It suddenly decreases after turning it off for all
transducer’s elements. This phenomenon, represent that the tem-
perature rising is affected by the friction between sensor of ther-
mocouple and transducer’s elements which are steel backing,
aluminum and balsa matching layers. As illustrated in Fig. 9, the
peak temperature in Balsa layer is 210 °C. Eventually the highest
vibration amplitude is for balsa layer. It sounds that the high tem-
perature can act as an indicator for determining the vibration
amplitude. Therefore, the measured temperature during the work-
ing time of transducer is the temperature of the each element and
the heat generation due to the friction between the sensor of
thermocouple and the surface of the element of the transducer.
Hence, the temperature of the each element right after turning
off the transducer is measurable. The measured temperature for
the parts of the transducers is compared in Table 6. The larger tem-

496°

Fig. 6. Temperature distribution with one matching layer (poly ether sulfone).
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Fig. 7. Temperature distribution with two matching layers (polypropylene and lead
alloy).

perature values are obtained with the experiments than theory be-
cause of the heat remaining in sensor. The sensor of thermocouples
may slide on the surface of the transducer’s element. Furthermore,
additional heat is generated due to the friction of the transducer’s
element to each other (different material has different inertia) in
experimental results. In the next step, the power of transducer is
set on the 300 W. In this power, the Balsa matching layer starts
to burn from the center right after 30 s of time working of the
transducer. The results are shown in Fig. 10. It is interesting to note
that the entire of the transducer is cool and only the balsa layer
fails. This is because of the enhancement in vibration amplitude

Fig. 8. Temperature distribution with three matching layers (copolymer acrylic,
poco, and zinc).

Table 3
Determined matching layers and their specification for 1, 2 and 3 matching layers.
Matching Materials acoustic impedance (MRayl) Input Output Power Maximum Working Last layer’s
Inyei power power loss (w) temperature (°C) temperature vibration amplitude
munbei (w) (w) within 1000 s (°C) (pum)
1 Poly ether solphonc (0.131) 420 350 70 989 210 227
2 Lead Alloy(21.5)  Polypropylene (0.081) 420 383 37 911 160 232
Titanium (23.7) Polyethersulfone(0.131) 320.6 290.2 304 778 210 208
3 Zinc (often very Poco- Vinylic/acrylic 502 354 48 810 100 234
granular) (29.6) DFP-1 copolymer
(5-61) (0.074)
Ecosorb-MF 116  Poco- Mixed cellulose 579.5 543 36.5 750 165 272
(9.02) DFP-1 esters 1 (0.094)

(5.61
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Table 4
Balanced power considering thermal reliability coefficient.
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Matching Materials acoustic impedance (MRayl) Input Output Power Maximum PZT layer’s Last layer’s
layer power power loss (w) temperature (°C) vibration amplitude vibration amplitude
number w) (W) within 1000 s (pm) (pnm)
1 Poly ether solphone (0.131) 42.5 315 11 178 0.3 68.2
2 Titanium Polyethersulfone (0.131) 105.4 91.8 13.6 187 0.45 120.05
(23.7)
3 Ecosorb-MF  Poco Mixed cellulose 184 176 8 155 0.48 128
116 (9.02) DFP-1 esters 1 (0.091)
(5.61)
Table 5
Information obtained from the theory to carry out the experiments.
Material (MRay acoustic impedance) Power (W) Maximum Balsa’s vibration Piezoelectric’s vibration
Output Input Piezoelectric temperature amplitude (pum) amplitude (um)
Aluminum Tapox epoxv Balsa 156 348 1000 625 168 1
(17.33) (2.76) (0.08) 116 190 300 217 98 0.536
100 153 200 50.13 63 0.438
220
(a)
200 -
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3
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S 140 - —+— Sted Bacling
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£ 100 -
2.
g 80
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Time (S)
Fig. 9. Temperature variation versus time (a) all layers and (b) backing and matching layers.
Table 6

Comparison of measured temperature between theory and experiment.

Steel (backing layer)

Aluminum (first matching layer)

Balsa (second matching layer)

Theory
Experiment

28.25
375

27.1
35.7

50.13
56

of wooden material and consequently increasing the temperature
due to the internal loss of matching layers. Therefore, it leads to
burn and damage the matching layer. The results in Fig. 10 can val-
idate the theoretical results that the temperature increase occurs

in last matching layer due to the higher amplitude of vibration.
The maximum temperature happens in center of the last matching
layer in high power airborne transducers. Therefore, the analysis
used for low power is incomplete for the high power transducers
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(low frequency and high amplitude). The challenge is addressed to
both thermally and mechanically. The results show that the work
temperature is extremely high and it occurs in the last matching
layer. The layer is in contact with the air and consists typically of
materials with low thermal strength and high internal loss. The in-
duced temperature with respect to thermal loss causes burning or
melting the matching layers in high power airborne ultrasonic
transducers.

5. Conclusion

The present paper shows results from a theoretical and
experimental study. It introduces and discusses the effects of
the amplitude of vibration and induced temperature distribution
on high power airborne ultrasonic transducers’ performance. The
optimum acoustic impedances of the transducer matching layers
were determined by individual calculations using GA as the first
step. Afterwards, it has been shown that the amplitude of vibra-
tion increases significantly for low acoustic impedance matching
layers. This enhancement is maximum and approximately 200
times higher for the last matching layer where it has the similar
interface with the air than the amplitude of the vibration of the
source (PZT), while transferring the 1 kW is target. Furthermore,
it is shown that, heat generation induced by the high amplitude
of vibration is one of the most critical issues in high power air-
borne ultrasonic transducers. One can improve the design of
mismatching layers in order to better wave transmission into
the air. Theoretically, it is expressed that the temperature in last
matching layer with the maximum vibration amplitude is high
enough to melt or burn the matching layers. To verify the prom-
ising approach by the theory, the effect of the amplitude of
vibration on the induced temperature is investigated experimen-
tally. The results from the theory and experiments are compared
and clearly experimental results are consistent with the theoret-
ical predictions.

Appendix A. Power equation determination
For a ith matching layer of multi matching layer system shown
in Fig. 3, the displacement is expressed by:
Ui, €) = (A +JAg)el a3k (By o By el b e
= (An + JAg) el %) 1 (By + jBy)e kel ot
= Anek* cos(mt — kix) — Ape* sin(wt — ki X)
+ Bie %2 cos(wt + kinx) — Bpe ¥ sin(wt + kiix)
+ jlAne*e* sin(wt — kix) + Ape** cos(wt — kirx)
+ Bue k2 sin(wt + ki X) + Bpe ™ 2 cos(wt + kux)] (A1)

7|

Fig. 10. Burned wooden matching layer at 300 W of power.

By using time and location derivative of displacement equation,
particle velocity and force of the wave is obtained by the following
equations:

Ui(x, 1) = jooui(x, t) (A2)

* 0”1‘
Fi = —sE; o
= —s(realE; +jmagE;)[(—An — jAp )ekXel@kax) (B,

+]'Biz)e*kizxei(wf+kn X)] (A3)
ou

b ox
= —s(realE; + jmagE; )[—Ay ek?* cos(wt — kiyx) + Apeke*

F,‘ = —sE

x sin(wt — kiX) + Biye ™%X cos(wt + kix) — Bipe i

x sin(wt + ki X) + jl—Aneke* sin(wt — kiyx) — ApekeX

x cos(wt — kiX) + Bye X sin(wt + kiyx) 4+ Bppe X
x cos(wt + kX)) (A4)
Instantaneous power is defined as:
. L oui(x,t) ouj(x,t
gi=Fi-iy=—Es i*,0) o, t) (A5)

(924 ot

By inserting Eqgs. (A1), (A2), (A3), (A4) into (A5), the instanta-
neous can be written as:

g =fi-u

= —si(realE; + jmagE; )[—Ane*?* cos(wt — kinx) + Apeke*
x sin(wt — kix) + Bye2* cos(wt + ki x) — Bpe*e*
x sin(wt + kiX) + jl—Ane*@* sin(wt — knx) — Ape*e®
x cos(wt — kiX) 4+ Bye ™ 2* sin(wt + ki x) + Bpe e
x cos(mt + ki X)]] x jow[(An + jAp )@t kntika) (B,
+jBy, )ei(wH(kn +iki2)x)

= (A +jAp)e el kY o (B | B, e kargl@tkun)

= Ane*?* cos(mt — kiyx) — ApeeX sin(wt — ki x) + B e~k
x cos(wt + ki x) — Bpe ¥ sin(wt + ki x) + j[Ai ek
x sin(wt — ki X) + Apeke* cos(wt — ki x) + Bije~ke*
x sin(@t + ki X) + Bpe ¥ cos(wt + ki1x)]] (A6)

Finally by employing some mathematical work, the mean
power can be written as:

1 .
(@) = ECO|Ei\ 5(\/ ki21 + k?z) [

where the coefficients are defined as:

Ai

Zezkizx _ |B:« |Ze—2k,-2x] (A7)
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